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It has been clear for the past several years that new physics in the quark sector can only appear, in low 
energy observables, as a perturbation. Therefore precise theoretical predictions and precise experimental 
measurements have become mandatory. Here we draw attention to the signiﬁcant advances that have 
been made in lattice QCD simulations in recent years in K → ππ , in the long-distance contribution to 
indirect CP violation in the Kaon system (ε) and in rare K -decays. Thus, in conjunction with experiments, 
the construction of a unitarity triangle purely from Kaon physics should soon become feasible. We want 
to emphasize that in our approach to the K -unitarity triangle, the ability of lattice QCD methods to 
systematically improve the calculation of the direct CP-violation parameter (ε′) plays a pivotal role. 
Along with the B-unitarity triangle, this could allow, depending on the pattern of new physics, for more 
stringent tests of the Standard Model and tighter constraints on new physics.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction and motivation
For the past decade or more, from a variety of low energy pre-
cision experiments, such as those from B-factories and LHCb, it is 
becoming clear that effects of new physics are likely to just show 
up as perturbations. The current tests on the unitarity triangle 
show very good agreement with the Standard Model (SM) CKM-
paradigm [1,2] to the level of about 20%. Impressive as this is, it 
is also important to emphasize that 10–15% effects of new physics 
(which at present can not be ruled out) are quite big. In fact it 
is useful to recall that CP violation was ﬁrst discovered in the de-
cays KL → ππ at the level of 10−3 [3]; therefore we should not 
be surprised if similar precise measurements become necessary to 
discover new phenomena. Thus the need for improved precision in 
experiments as well as in theory should be clear.
In this work we highlight recent advances made in the lattice 
computation of K -decays that had been serious challenges for a 
very long time. As will be explained, in the course of tackling 
the calculation of the crucially important direct CP violation pa-
rameter in K → ππ decays, ε′/ε, by using the Lellouch–Lüscher 
method involving ﬁnite-volume correlation functions, the RBC and 
UKQCD collaborations managed to develop an interesting method 
to tackle matrix elements of non-local 4-quark operators which are 
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SCOAP3.relevant to quantify “Long-Distance” (LD) contributions to a variety 
of matrix elements of physical interest. Explicit examples under 
current active study are the neutral Kaon mass difference, the re-
lated long-distance part of the indirect CP-violation parameter ε
and the branching ratio (BR) of the rare decay K+ → π+νν¯ .
For ε′/ε, ε, and mK rather precise experimental measure-
ments already exist [4]. The initial measurement of BR(K+ →
π+νν¯) = (1.73+1.15−1.05) × 10−10 was accomplished some years ago 
at BNL in experiment E-787 and E-949 [5,6]. At CERN the NA62 
experiment is expected to signiﬁcantly improve the determination 
of this branching ratio [7–9] in the next few years.
An important point to consider is also that lattice meth-
ods for tackling non-perturbative effects are largely systemati-
cally improvable. This means once the physical quantity becomes 
amenable to lattice methods, accuracy with computer capability 
and time is essentially guaranteed. A few examples are the Kaon 
B-parameter Bˆ K (that is the ratio of the complete K–K¯ matrix 
element of the leading SM operator to its estimate in the naive fac-
torization approximation) which in full QCD with chiral fermions 
got evaluated with about 7–8% total error around 2007. In the 
next ∼5 years, many different collaborations have attacked it with 
different discretizations and the world average now has an error 
around 1%. Quark masses, K → πν , K → ππ in the I = 2 chan-
nel, f B , B-mixings, and others have followed a similar path (see, 
e.g., Ref. [10] for a review of the present status of ﬂavor physics lat-
tice calculations). Calculations of ε′/ε and the long-distance effects  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
C. Lehner et al. / Physics Letters B 759 (2016) 82–90 83in K–K¯ mixings and in rare K decays are expected to progress in 
analogous ways.
Bearing in mind these exciting developments in theory and in 
experiments, it seems timely to ask if we can now construct a uni-
tarity triangle based primarily from input from K -physics, which 
has been often talked about [11–16], and is the subject of this 
work.
By way of motivation, let us recall that, in general, natural-
ness arguments suggest that beyond the SM (BSM) scenarios are 
unlikely to be ﬂavor blind. Indeed, just as in the SM, as weak in-
teractions are “switched-on” the gauge eigenstates are no longer 
aligned with the mass eigenstates and the connection between the 
two is monitored by the CKM-matrix. Warped extra dimensions 
provide a very interesting example, as they provide a geometric 
understanding of ﬂavors. Many aspects of ﬂavor physics can be 
readily understood through localization of different ﬂavors at dif-
ferent locations in the extra-dimension yielding a non-universal, 
strongly mass-dependent effect on ﬂavors accompanied by many 
O(1) BSM-phases [17–19]. This is a very illustrative example, and 
in many if not most BSMs a similar situation arises.
Another important consideration by way of motivation is that 
the observables in the K -unitarity triangle are widely believed 
to be very sensitive to deviations from minimum ﬂavor violation 
(MFV); this is in contrast to the many observables used in the stan-
dard B-unitarity triangle. Thus using the B-UT to extract SM-CKM 
parameters and then the K -observables for new physics searches 
can be a very effective approach.
The ability of these new lattice methods to quantify non-
perturbative effects in K–π physics calls for a re-examination of 
Kaon experiments. For one thing given that in a few years the 
theory errors on ε′ are likely to come down to around 11% of 
the current experimental central value with the real possibility 
of further improvements down the road, improved experimental 
determinations may be called for given the current experimental 
error is around 15%.
Moreover, although measurement of ε′ is very challenging, 
measuring the rate for KL → π0νν¯ is even more challenging. Tra-
ditionally, this very diﬃcult purely CP-violating rare mode [20] has 
been a pristine SM prediction as it is clearly short-distance dom-
inated because of the large top quark mass. However, as lattice 
methods make suﬃcient progress in ε′ , the theoretical advantage 
of KL → π0νν¯ will likely diminish. Note, however, that contri-
butions to these two processes are independent in many models 
making both invaluable tools in searches for new physics effects. 
Moreover, it must be stressed that progress towards a precise de-
termination of BR(K+ → π+νν¯) is guaranteed by existing and 
planned experiments and theoretical progress in lattice QCD calcu-
lations of such processes (This will be achieved by reduced errors 
on |Vcb| from improved determinations of the B → D form fac-
tor (see for instance Ref. [21] where the q2 dependence of this 
form factor is calculated) and by a direct calculation of long dis-
tance charm contributions to BR(K+ → π+νν¯) [22]). Needless to 
say, improvements on the measurement of ε′/ε will require a ma-
jor experimental effort.
Another very interesting decay mode that, in principle, can 
provide a useful test of CP-violation is KL → π0e+e− (see, e.g., 
Ref. [23]) which in fact allows for a detailed study via a Dalitz 
plot. The major theoretical distinction with KL → π0νν¯ is that the 
charged lepton mode receives a non-negligible contribution to the 
BR from CP-conserving 2-photon intermediate state, as opposed 
to KL → π0νν¯ which, to an excellent approximation in the SM 
is purely CP-violating.
If theory could reliably and precisely predict the CP-conserving 
contribution to KL → π0e+e− which is dominated by LD effects, 
this mode could become extremely signiﬁcant as from an experi-mental perspective the e+e− ﬁnal state is seemingly a lot easier 
to address. Unfortunately there is a daunting experimental back-
ground, pointed out in [24] from KL → γ γ e+e− which will need 
to be overcome [25].
The measurements that we include in the Kaon unitarity tri-
angle ﬁt (KUT) are ε, ε′/ε, BR(K+ → π+νν¯) and |Vcb| (from 
inclusive and exclusive semileptonic b → cν decays). The stan-
dard unitarity triangle ﬁt (SUT) depends on |Vcb| only via the ratio 
|Vub/Vcb| and, indirectly, via the rare decay B → τντ . Presently 
|Vcb| provides a subdominant contribution to the uncertainties on 
these two quantities (the former is controlled by theoretical and 
experimental errors on b → uν decays, the latter is dominated 
by experimental errors). Hence the SUT and KUT ﬁts are essen-
tially independent and any tension between them is an indication 
of BSM physics. Finally we note that mK , while being very sen-
sitive to the chirality of new physics [26], does not provide any 
constraint on the ρ¯ − η¯ plane and is therefore not included in the 
KUT ﬁt.
The structure of this manuscript is as follows: We ﬁrst brieﬂy 
review new lattice methodology that enabled some of the recent 
advances in lattice Kaon physics. We then speciﬁcally summarize 
K → πνν¯ decays, ε′/ε, and ε. We ﬁnally present our ﬁndings for 
current and potential future Kaon unitarity triangle ﬁts.
2. Lattice methodology
Relations between ﬁnite-volume Euclidean correlation func-
tions, which are accessible to lattice QCD, and inﬁnite-volume ma-
trix elements form the foundation of many of the lattice efforts 
mentioned in this work. The simplest case of one particle decay-
ing into a single two-particle ﬁnal-state allows for the extraction 
of K → ππ matrix elements [27,28]. Extensions for matrix ele-
ments beyond this limit have recently received a lot of attention, 
see Ref. [29] for a summary. For the current work, the develop-
ment of methodology for non-local (bi-local) matrix elements is of 
particular interest [30–32]. The KL–KS mass difference computa-
tion can serve as a nice introduction to the general methodology 
[30]. The desired inﬁnite-volume quantity
mK = 2P
∑
n
〈K 0|HW |n〉〈n|HW |K 0〉
mK − En (1)
can be related to its ﬁnite-volume counter-part
mFVK = 2
∑
n =n0
〈K 0|HW |n〉〈n|HW |K 0〉
mK − En (2)
with controlled ﬁnite-volume errors, where it is assumed that a 
single π–π intermediate state n0 is degenerate with K 0 and K 0. 
The remaining task is to extract mFVK from Euclidean space corre-
lation functions which is usually formulated in terms of four-point 
functions
A= 1
2
〈K 0(t f )
tb∫
ta
dt2
tb∫
ta
dt1HW (t2)HW (t1)K
0(ti)〉 . (3)
This amounts to the summation of operator insertions within a 
ﬁducial volume bounded by time coordinates ta and tb with source 
and sink operators at ti and t f satisfying t f 	 ta < tb 	 ti . Insert-
ing a full set of states and performing the integrals yields
A= −
∑ 〈K 0|HW |n〉〈n|HW |K 0〉
mK − En
[
tb − tan =n0
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−(En−mK )(tb−ta) − 1
mK − En
]
e−(t f −ti)mK (4)
− 1
2
(tb − ta)2〈K 0|HW |n0〉〈n0|HW |K 0〉e−(t f −ti)mK .
The coeﬃcient of tb − ta is the desired mFVK . For states n with 
En <mK there are exponentially growing contributions that com-
plicate the extraction of the linear tb − ta dependence. The con-
trol of these exponentially growing terms makes it clear that the 
methodology works best if the number of such contributions is 
small. A variant of this general procedure can be used to compute 
long-distance contributions to ε and rare Kaon decays mentioned 
in this work. Work along those lines is in progress [22,33].
3. The rare decay K → πνν¯
The branching ratios for the K+ → π+νν¯ and KL → π0νν¯ de-
cays are given by [34–36]:
BR(K+ → π+νν¯(γ )) = κ+(1+ EM)
[
(
Im
(
VtdV
∗
ts
)
λ5
X(xt)
)2
+
(
Re
(
VcdV
∗
cs
)
λ
Pc(X) + Re
(
VtdV
∗
ts
)
λ5
X(xt)
)2 ]
, (5)
BR(KL → π0νν¯) = κL
(
Im
(
VtdV
∗
ts
)
λ5
X(xt)
)2
(6)
where
κ+ = (5.173± 0.025) · 10−11
[
λ
0.2252
]8
[37] , (7)
κL = (2.231± 0.013) · 10−11
[
λ
0.2252
]8
[37] , (8)
EM = −0.003 [37] , (9)
X(xt) = 1.481± 0.005th ± 0.008exp [35,38–40] , (10)
Pc(X) = (0.404± 0.024)
[
λ
0.2252
]4
[15,41–45] . (11)
The theoretical results for these two decays read (keeping an ex-
plicit dependence on the CKM angles) [35]:
BR(K+ → π+νν¯) =
{
(8.39± 0.30) × 10−11
×
[ |Vcb|
40.7× 10−3
]2.8 [ γ
73.2o
]0.708 }
, (12)
BR(KL → π0νν¯) =
{
(3.36± 0.05) × 10−11
×
[ |Vub|
3.88× 10−3
]2 [ |Vcb|
40.7× 10−3
]2 [ sin(γ )
sin(73.2o)
]2 }
. (13)
Note that the explicit CKM dependence in Eq. (12) is accurate 
to about 1% in the ranges 37 × 10−3 < |Vcb| < 45 × 10−3 and 
60o < γ < 80o. The non-CKM uncertainty on BR(KL → π0νν¯) is 
much smaller than in the charged mode due to large uncertainties 
associated with the quantity Pc(X) introduced in Eq. (6).
Using the complete unitarity triangle ﬁt results to determine 
the relevant CKM entries, we obtain the following SM predictions:BR(K+ → π+νν¯) =
{
(8.64± 0.60) × 10−11 SM(
17.3+11.5−10.5
)
× 10−11 E949 [6]
BR(KL → π0νν¯) =
{
(2.88± 0.25) × 10−11 SM
< 2.6× 10−8 E391a [46]
In the study presented below we consider two future scenar-
ios in which the experimental central value of the K+ → π+νν¯
branching ratio either does not change or shifts to the SM pre-
diction. The NA62 experiment should be able to reduce the un-
certainties to δexp = 7% and 10%, respectively. (These estimates 
are based on the expectation that NA62 will collect about 100 
SM events by 2017 [8,9]; the 7% uncertainty is obtained by 
rescaling the expected number of events by the ratio BR(K+ →
π+νν¯)exp/BR(K+ → π+νν¯)SM.) The KOTO experiment at JPARC 
expects to observe KL → π0νν¯ at the SM level with a 10% un-
certainty [47–49].
4. Direct CP-violation in K → ππ and ε′/ε
The effective Hamiltonian responsible for contributions to ε′/ε
is, at scales larger than μ ∼ O (mc) [50]:
Heff = GF√
2
[
λt
10∑
i=1
Ci Q i + λc
(
2∑
i=1
Ci(Q i − Q ci )
)]
, (14)
where λq = V ∗qsVqd and the current–current, penguin and semi–
leptonic operators are:
Q c1 = (s¯αcβ)V−A(c¯βdα)V−A , (15)
Q c2 = (s¯c)V−A(c¯d)V−A , (16)
Q 1 = (s¯αuβ)V−A(u¯βdα)V−A , (17)
Q 2 = (s¯u)V−A(u¯d)V−A , (18)
Q 3 = (s¯d)V−A
∑
(q¯q)V−A , (19)
Q 4 = (s¯αdβ)V−A
∑
(q¯βqα)V−A , (20)
Q 5 = (s¯d)V−A
∑
(q¯q)V+A , (21)
Q 6 = (s¯αdβ)V−A
∑
(q¯βqα)V+A , (22)
Q 7 = 3
2
(s¯d)V−A
∑
eq(q¯q)V+A , (23)
Q 8 = 3
2
(s¯αdβ)V−A
∑
eq(q¯βqα)V+A , (24)
Q 9 = 3
2
(s¯d)V−A
∑
eq(q¯q)V−A , (25)
Q 10 = 3
2
(s¯αdβ)V−A
∑
eq(q¯βqα)V−A , (26)
where the sums in the operators Q 3−10 run over the four light-
est quarks, eq denotes the quark electric charges, α and β denote 
color indices (omitted for color singlet operators), and (V ± A) =
γμ(1 ± γ5). Below μ ∼ O (mc) the charm quark is integrated out 
and the effective Hamiltonian is more commonly written as:
Heff = GF√
2
λu
10∑
i=1
[zi(μ) + τ yi(μ)] Q i(μ) , (27)
where the operators Q c1,2 have disappeared, the sums in the oper-
ators Q 3−10 run over the three lightest quarks, and τ = −λt/λu =
−(V ∗tsVtd)/(V ∗usVud) (note that λu + λc + λt = 0). Complete NLO 
expressions for the coeﬃcients zi(μ) and yi(μ) can be found in 
Refs. [50,51].
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Re
(
ε′
ε
)
= Re
(
ω ei(δ2−δ0+π/2)√
2 ε
[
Im(A2)
Re(A2)
− Im(A0)
Re(A0)
])
(28)
= ω√
2 |ε| cos (δ2 − δ0 + π/2− φε)
×
[
Im(A2)
Re(A2)
− Im(A0)
Re(A0)
]
, (29)
A0 = GF√
2
λu
10∑
i=1
[zi(μ) + τ yi(μ)] 〈(ππ)I=0|Q i |K 〉 , (30)
A2 = GF√
2
λu
10∑
i=1
[zi(μ) + τ yi(μ)] 〈(ππ)I=2|Q i |K 〉 , (31)
where the quantities ω = ReA2/ReA0 = 0.04454(12), ReA0 =
3.3201(18) × 10−7 GeV, ReA2 = 1.4788(41) × 10−8 GeV and
φε = (43.5± 0.5)o (32)
are taken from experiments [4,56]. The direct and experimental 
determination of the phases δ0,2 differ at the two sigma level
φε′ = δ2 − δ0 + π2 =
{
(42.3± 1.5)o PDG [4]
(54.6± 5.8)o RBC [57,58] . (33)
Fortunately, due to the central value of the combination δ2 − δ0 +
π/2 −φε and to the large uncertainties in the determination of the 
various matrix elements, these two choices yield almost identical 
results; for deﬁniteness, we follow the approach of Ref. [58] and 
use the phases extracted from the lattice. The inclusion of isospin 
breaking corrections modiﬁes the QCD penguins (Q 3−6) contribu-
tion to the (ππ)I=0 amplitude [62]:
[Im(A0)]QCDP → [Im(A0)]QCDP
(
1− ˆeff
)
a , (34)
a = 1.017 [63] , (35)
ˆeff = (14.8± 8.0) × 10−2 [62–65] . (36)
As we infer from Eq. (36), phenomenological estimates of isospin 
breaking effects vary over a considerable range and per
Refs. [62–65] may be as high as about 15%. In any case these 
corrections are likely subdominant to the uncertainties in the cur-
rent lattice calculations [57,58] and are therefore being ignored at 
present. However, electromagnetic and isospin effects will be cal-
culated in lattice QCD simulations in the next few years (see, for 
instance, Ref. [66] for a discussion of technical issues involved in 
these calculations).
The imaginary part of the I = 0, 2 matrix elements have been 
recently calculated and read [57,58]:
Im(A2) =
(−6.99± 0.20stat ± 0.84syst)× 10−13 GeV , (37)
Im(A0) =
(−1.90± 1.23stat ± 1.08syst)× 10−11 GeV . (38)
The present experimental [67–73] and theoretical [58] results 
read:
Re
(
ε′exp
εexp
)
= (16.6± 2.3) × 10−4 , (39)
Re
(
ε′th
εexp
)
= (1.36± 5.15stat ± 4.59syst) × 10−4 . (40)
Where the notation clariﬁes that we normalize the theoretical pre-
diction for ε′ to the experimental measurement of ε (that has a 
much smaller error than the corresponding theory determination). For completeness we mention that the inclusion of the isospin 
breaking corrections given in Eqs. (34)–(36) shifts the SM predic-
tion for Re
(
ε′/ε
)
to (0.5 ± 5.9) × 10−4. The reduction in the total 
error is due to the factor a(1 −eff) ∼ 0.87 that multiplies the QCD 
penguin contribution to ImA0, resulting in a difference of 2.5 σ
from the measured value.
In passing we brieﬂy note that the lattice QCD prediction in 
Eq. (40) differs somewhat from the result presented in Ref. [62], 
(1.9 ± 4.5) × 10−4, which has a smaller total error. Consequently 
Ref. [62] gets a larger deviation of 2.9 σ from the measured value 
of Re(ε′th/εexp) than the 2.1 σ that RBC-UKQCD [58] gets. This 
difference can be explained by a combination of (1) isospin break-
ing corrections and (2) the use of the operator relation, Q 4 =
Q 3 + Q 2 − Q 1, along with the experimental information on Re(A0)
and of an estimate of the ratio of the I = 0 matrix elements of 
Q 1 and Q 2 (based on the RBC-UKQCD lattice QCD results and a 
large-N calculation) to reduce the uncertainty on 〈Q 4〉0. Addition-
ally, the authors of Ref. [62] used the RBC/UKQCD lattice result for 
the dominant 〈Q 6〉0 contribution to Im(A0)/Re(A0), but expressed 
contributions proportional to 〈Q 3,5,7−10〉0 in terms of I = 0 ma-
trix element ratios (by writing Re(A0) in terms of 〈Q 1,2〉0) that 
are then set to reference values inspired by large-N .
In both the I = 0 and I = 2 lattice computations, the systematic 
uncertainty is currently dominated by the perturbative truncation 
error in the computation of Wilson coeﬃcients and the matching 
from the RI to MSbar scheme. This error is of the order α2s (μ), 
where μ is the scale at which one matches to perturbation theory. 
By running non-perturbatively through the charm and eventually 
also bottom thresholds, these truncation errors will be reduced 
signiﬁcantly in the near future. For μ = 50 GeV, e.g., perturbative 
truncation errors of O(1–2%) are feasible. Initial efforts along those 
lines are already in progress [74].
The ten I = 0 matrix elements are given in Table SII of Ref. [58]. 
The systematic uncertainties on the individual matrix elements are 
obtained from those presented in Table II of Ref. [58] without 
including the “Wilson coeﬃcients” and “parametric errors”contri-
butions and are about 22.5%.
The I = 2 matrix elements in the continuum limit and in the 
(γ , γ ) and (/q, /q) RI-SMOM schemes at 3 GeV are given in the last 
two rows of Table XIV of Ref. [57]. The conversion between the 
basis used in Ref. [57] and the standard operator basis we use is 
given in Eqs. (69)–(70) of Ref. [57]. The conversion of these matrix 
elements to the MS scheme at 3 GeV is achieved via the conver-
sion matrix Cij = δi j + αs(3 GeV)4π ri j with i, j = 1, 7, 8. The relevant 
ri j entries are given in Table IX and XI of Ref. [75] for the (/q, /q)
and (γ , γ ) schemes, respectively. Uncertainties associated with RI-
SMOM to MS conversion are estimated by comparing the results 
in the (/q, /q) and (γ , γ ) schemes, respectively.
The matrix elements that we obtain are summarized in Table 1
(for I = 0 and I = 2 we take μ = 1.531 GeV and μ = 3 GeV, 
respectively), where, as discussed above, the systematic uncertain-
ties on the I = 0 matrix elements are about 23% which have been 
added to the respective statistical uncertainties in quadrature. The 
uncertainties on the I = 2 matrix elements have been obtained by 
combining in quadrature the errors quoted in Table XIV of Ref. [57]
with the scale uncertainty (the latter has been deﬁned as the 
difference between the MS matrix elements obtained via an in-
termediate (/q, /q) or (γ , γ ) RI-SMOM scheme).
The remaining statistical and systematic uncertainties in the 
isospin symmetric limit are amenable to improvement by a 
straightforward numerical effort. We therefore believe that an er-
ror on individual I = 0 operator matrix elements of order 5%–10% 
is achievable within ﬁve years given suﬃcient computational re-
sources. Using current central values of matrix elements, the cor-
responding propagated error on Im(A0) is O(10–20%).
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Current determinations of K → (ππ)I=0,2 matrix elements for each of the operators 
given in Eqs. (18)–(26). For I = 0 and I = 2 we take μ = 1.531 GeV and μ = 3 GeV, 
respectively.
i 〈Q i〉0 〈Q i〉2
1 −0.151(44) 0.00965(59)
2 0.169(56) 0.00965(59)
3 −0.0492(661) 0
4 0.271(111) 0
5 −0.191(64) 0
6 −0.379(128) 0
7 0.219(61) 0.286(11)
8 1.72(39) 1.314(76)
9 −0.202(70) 0.01447(89)
10 0.118(50) 0.01447(89)
Table 2
Inputs used in the calculation of ε. The top and charm quark masses as well as 
quantities not explicitly given are taken from Refs. [4,10].
η1 = 1.87± 0.76 [59] mt,pole = (173.5± 1.0) GeV
η2 = 0.5765± 0.0065 [60] mc(mc) = (1.275± 0.025) GeV
η3 = 0.496± 0.047 [61] εexp = (2.232± 0.007) × 10−3
Bˆ K = 0.766± 0.010 [10] f K = (156.3± 0.9) MeV [10]
Fig. 1. Dependence of Re(ε′/ε) on η¯. The horizontal yellow band is the 1σ ex-
perimental measurement. The thin vertical red band is the 1σ determination of 
η¯ from the standard unitarity triangle ﬁt. The three lines correspond to taking 
ImA0 = [ImA0]RBC + (0, 1, 2) δ[ImA0]RBC. The shaded areas around these three lines 
are due to all the remaining sources of uncertainties (ImA2, δ2, δ0, φε ). (For inter-
pretation of the references to color in this ﬁgure legend, the reader is referred to 
the web version of this article.)
Motivated by this discussion, we assume that the uncertain-
ties on the I = 0, 2 matrix elements will reduce to δIm(A2) = 5%
and δIm(A0) = 10%stat + 15%syst = 18% on a time-scale of ﬁve 
years. Note that these error estimates are given with respect to 
the central values in Eqs. (37) and (38). Allowing for ﬂuctua-
tions of the central values of the matrix elements that control 
Im(A0) the expected future theoretical errors on this quantity is 
δIm(A0)  0.34 × 10−11 GeV.
Before concluding this section let us comment on the treat-
ment of the correlations between the errors on the matrix ele-
ments listed in Table 1. In the extraction of ImAI (I = 0, 2) given 
in Eqs. (37) and (38) all statistical correlations have been taken 
into account; systematic uncertainties for ImA0 were ascribed to 
individual operator matrix elements and treated as uncorrelated 
(correlations tended to reduce the errors). On the other hand, we 
neglect correlations between the ImA2 and ImA0 errors. Given 
the difference in the uncertainties on these two matrix elements, 
correlations can be safely neglected at present but will need to 
be included when the total error on ImA0 will become small 
enough.Fig. 2. Standard unitarity triangle (SUT) ﬁt. In the top panel we show the impact 
of the ε′/ε measurement using the most recent calculations of the K → (ππ)I=0,2
matrix elements. In the lower panel we consider a future scenario in which the un-
certainty on ImA0 and ImA2 is reduced to 18% and 5%, respectively (see text for 
more details). The ImA0 central value shifts to the value expected from the experi-
mental determination of ε′/ε and the standard unitarity triangle ﬁt. All constraints 
are plotted at two sigma level with the exception of ε′exp/εexp for which we show 
both the one and two sigma contours.
5. Indirect CP-violation and ε
The basic expression for ε is
ε = eiφε G
2
Fm
2
W f
2
KmK
12
√
2π2mexpK
Bˆ Kκε Im
[
η1S0(xc)
(
VcsV
∗
cd
)2 + η2S0(xt) (VtsV ∗td)2
+ 2η3S0(xc, xt)VcsV ∗cdVtsV ∗td
]
, (41)
where the numerical inputs we use are summarized in Table 2. 
The quantity κε summarizes the impact of long distance effects 
and can be extracted from the knowledge of Im A0 and from an 
estimate of the long distance contributions to mK . Following 
Ref. [76], we have:
κε =
√
2 sin(φε)
(
1+ ρ√
2
∣∣εexp∣∣
Im(A0)
Re(A0)
)
(42)
where ρ = 0.6 ± 0.3. Using the most recent RBC determination of 
Im(A0) and φε of Eq. (32), we obtain κε = 0.963 ± 0.014 (see also 
the analysis presented in Ref. [77]).
The single largest remaining parametric uncertainty on ε is 
due to |Vcb|. The latter determines the parameter A of the CKM 
Wolfenstein parametrization that enters ε to the fourth power (via 
VtsV
∗
td ∝ A2). Presently both inclusive and exclusive b → cν de-
cays lead to a ∼2% error on |Vcb|; unfortunately a 2.5σ tension 
between these two determinations lead, via standard PDG rescal-
ing, to a 2.5% error on the averaged result. Unless this tension 
signals some form of new physics, the most probable avenue to 
C. Lehner et al. / Physics Letters B 759 (2016) 82–90 87Fig. 3. Kaon unitarity triangle ﬁts. Red contours (labeled KUT) are obtained including BR(K+ → π+νν¯), ε′th/εexp, ε and |Vcb |. The small black contour is the current standard 
unitarity triangle (SUT) ﬁt from B/K physics. In panel (a) we present the current status. The yellow area is allowed by ε′th/εexp and the region below the blue curves is 
allowed by BR(K+ → π+νν¯). In panels (b–d) we show the impact of future improvements on the experimental determination of BR(K+ → π+νν¯) and on the theoretical 
calculation of the quantities ImA0 and ImA2 (see text for more details). In panel (b) we assume that future central values for these quantities remain unchanged. In panel (c) 
we consider a scenario in which ImA0 shifts to the value expected from the experimental determination of ε′/ε and the standard unitarity triangle ﬁt. In panel (d) we 
assume, in addition, that the future experimental determination of BR(K+ → π+νν¯) will shift to the central value of the SM prediction. (For interpretation of the references 
to color in this ﬁgure legend, the reader is referred to the web version of this article.)improve the total uncertainty on ε is hoping that future experi-
mental and theoretical results for b → cν transitions will resolve 
this tension thus leading to a ﬁnal sub-percent error on |Vcb |. For 
completeness we mention that an alternative approach to unitar-
ity triangle studies that does not make use of semileptonic decays 
has been proposed in Ref. [78].
6. Results
In Fig. 1 we show the dependence of Re(ε′/ε) on η¯ for dif-
ferent choices of the Im(A0) central value. Note how the uncer-
tainty on this matrix element completely dominates the total un-
certainty.
In Fig. 2 we present the standard unitarity triangle (SUT) ﬁt ob-
tained using B and K physics measurements. All the inputs used 
in the ﬁt are taken from Refs. [4,10,79] In particular, we adopt 
|Vcb| = 40.41(94) × 10−2 and |Vub| = 3.68(26) × 10−3 obtained 
from a combination of inclusive and exclusive determinations of 
these CKM elements (because of the slight tensions between in-
clusive and exclusive |Vqb| (q = u, c), the errors on the weighted 
averages are rescaled following the standard procedure described 
in Ref. [4]). In the upper panel we show the present constraints imposed by ε′th/εexp (this notation underscores that in the theo-
retical prediction for the ε′/ε ratio the denominator is taken from 
experiment and not calculated using the inputs listed in Table 2). 
In the lower panel we entertain a future scenario in which the 
uncertainty on ImA0 is 18%, as discussed above. Its central value 
is assumed to shift to what is necessary to reproduce the exper-
imental determination of ε′/ε (note that even though ε′/εexp is 
proportional to η¯, the χ2 minimized over every other parameter 
is not a symmetric function of η¯). If the future ImA0 central value 
does not shift, the ε′/ε allowed region is η¯  1.6 (see Fig. 3b) im-
plying a very strong tension with the standard ﬁt.
In Fig. 3 we present the Kaon unitarity triangle ﬁts (KUT) in 
various scenarios. In this ﬁt we use only inputs from Kaon physics 
with the exception of tree-level determinations of |Vcb| from inclu-
sive and exclusive b → cν decays. The red contours are obtained 
including BR(K+ → π+νν¯), ε′/ε, ε, and |Vcb| (from an average of 
inclusive and exclusive decays). The small black contour is the cur-
rent standard unitarity triangle ﬁt from B/K physics.
In Fig. 3a we present the current status of this ﬁt. The yellow 
area is allowed by ε′/ε and the region below the blue curves is 
allowed by BR(K+ → π+νν¯).
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In Figs. 3b–3d we show the impact of future improvements on 
the experimental determination of BR(K+ → π+νν¯) and on the 
theoretical calculation of the quantities ImA0 and ImA2. In partic-
ular, in panel (b) we assume that future central values for these 
quantities remain unchanged and that experimental and theoreti-
cal uncertainties on BR(K+ → π+νν¯) and Im(A0,2) reduce as dis-
cussed above. In panel (c) we consider a scenario in which ImA0shifts to the value expected from ε′exp/εexp and the standard uni-
tarity triangle ﬁt. In panel (d) we assume, in addition, that the 
future experimental determination of BR(K+ → π+νν¯) will shift 
to the central value of the SM prediction.
Finally in Fig. 4 we show the impact of a future measurement 
of BR(KL → π0νν¯) at the SM level with 10% uncertainty.
In Figs. 5 and 6 we present the very same ﬁts but display 
ε′th/εth rather than ε
′
th/εexp. The reason for considering the the-
oretical ratio ε′th/εth is that it is independent of the unique SM 
CP violating parameter η¯ (both numerator and denominator being 
proportional to η¯). As precise theoretical calculations of this ratio 
become available, direct comparison with the corresponding exper-
imental ratio can provide a new CP-conserving observable that can 
be used to constrain the relevant combination of CKM parameters 
in the UT-ﬁt.
7. Conclusions and outlook
In this work we have tried to draw attention to the signiﬁcant 
progress that lattice QCD methods have recently made for quan-
titatively addressing non-perturbative effects in several K -decays 
such as K → ππ and the direct CP-violation parameter Re (ε′/ε), 
the long-distance contribution to ε, and rare K -decays; of partic-
ular interest will be future lattice QCD determination of the long 
distance contributions to the quantity Pc(X) that contains charm 
quark contributions to BR(K+ → π+νν¯) [80].Fig. 5. Kaon unitarity triangle ﬁts using ε′th/εth rather than ε
′
th/εexp. See the caption in Fig. 3 for further details.
C. Lehner et al. / Physics Letters B 759 (2016) 82–90 89Fig. 6. Impact of a future measurement of BR(KL → π0νν¯) assuming SM central 
values with a 10% uncertainty [48,49].
This means in the near future we will be able make better use 
of experimental data, existing and forthcoming, to better constrain 
the SM and search for new effects. In particular, it appears that 
we can start to construct a unitarity triangle based primarily on 
K -physics. With improvements in the lattice calculations that are 
on the horizon and with results from forthcoming K -experiments a 
tighter KUT should soon become available. It would be very valu-
able to compare the solution of such an improved KUT with the 
Standard Unitarity Triangle (SUT) coming primarily from B-physics.
In particular it now seems realistic that lattice calculations can 
reduce the errors on Re
(
ε′/ε
)
to less than around 11% of the 
current experimental central value in about 5-years time. It may 
therefore be timely for the experimental community to plan an 
improved determination of Re
(
ε′/ε
)
, the current experimental er-
rors on that quantity being around 15%.
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